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Abstract
The non-relativistic covariant framework for fields is extended to investigate fields and
fluids on scale covariant curved backgrounds. The scale covariant Newton-Cartan back-
ground is constructed using the localization of spacetime symmetries of non-relativistic
fields in flat space. Following this, we provide a Weyl covariant formalism which can be
used to study scale invariant fluids. By considering ideal fluids as an example, we describe
its thermodynamic and hydrodynamic properties and explicitly demonstrate that it sat-
isfies the local second law of thermodynamics. As a further application, we consider the
low energy description of Hall fluids. Specifically, we find that the gauge fields for scale
transformations lead to corrections of the Wen-Zee and Berry phase terms contained in
the effective action.
1 Introduction
The coupling of non-relativistic field theories to curved backgrounds was initially investigated
with the motivation of establishing a covariant framework. In recent years, such minimally
coupled theories have gained a renewed importance due to major applications in the field of
condensed matter physics, such as in the descriptions of the fractional quantum Hall effect,
trapped electron gas, and various transport phenomena, to name a few [1]-[6]. Diffeomorphism
invariance in non-relativistic systems have certain distinct features which set them apart from
the usual relativistic case, with notable difficulties in coupling fields to curved spacetime. In
the case of Riemannian spacetime, any arbitrary foliation is acceptable. However in the non-
relativistic case, there exists a unique coordinate system which is Galilean invariant in the
flat limit. As the non-relativistic background comprise of two degenerate, mutually orthogonal
metrics, it also does not lead to a straightforward application of the minimal coupling prescrip-
tion. One may think that a suitable algorithm may be obtained from relativistic theories by
contraction. We also note that the requirement of spatial diffeomorphism in any planar system
is difficult to obtain by taking a non-relativistic limit of some appropriate relativistic theory.
Moreover such non - relativistic limits are not unique [4, 7].
A way out follows from the well known procedure for directly deriving relativistic matter
theories minimally coupled to curved backgrounds, namely through the localization of spacetime
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symmetries in the flat spacetime field theory [8, 9]. One starts with a matter theory invariant
under global Poincare´ transformations, which fails to remain invariant when the parameters
of the transformations are made functions of spacetime. Invariance of the theory under local
Poincare´ transformations follows from the introduction of compensating fields through the def-
inition of covariant derivatives. An important aspect of this approach is the correspondence of
these new fields with the vierbeins and spin-connection in Riemann-Cartan spacetime. Follow-
ing the spirit of this procedure, a general prescription to attain non-relativistic diffeomorphism
invariance was proposed in our previous work [10, 11], wherein the localization of the Galilean
symmetry for field theories was carried out. The Newton-Cartan spacetime was found to be the
most general Galilean covariant curved background through this procedure [12, 13]. The present
work seeks to extend this formalism to further include the anisotropic scale transformations
with dynamical exponent z = 2 [14].
The main motivation of this paper is to construct non-relativistic scale covariant curved
backgrounds and investigate their effect on the description of fluids. In this context, we
note that many properties of non-relativistic fluids have been investigated holographically
via the fluid-gravity correspondence [15] using the well-known light cone reduction formal-
ism. Non-relativistic fluids on the Newton-Cartan background have in addition been discussed
in [16, 17, 18]. Despite the consideration and construction of certain non-relativistic conformal
backgrounds in [19, 20, 21], the implications of minimally coupling scale invariant fields to them
have attracted limited attention. Our interest in scale invariant fluids stems from its known
significance in the relativistic case, where properties of the Riemann tensor and the dilatation
field are known to affect hydrodynamic equations [22]. Scaling also plays an important role in
determining temperature dependence of transport coefficients in the hydrodynamic description
of condensed matter systems with ordinary critical points [23]. Scale invariance is also central
to the flat space effective field theory descriptions of the fractional quantum Hall effect [24] and
the Aharanov-Bohm effect [25].
In the case of relativistic conformal fluids, a Weyl covariant formalism can be constructed
from the dilatation field. The formalism leads to the dilatation field being expressed in terms
of the expansion and acceleration of the fluid, as well as the covariant expression for the en-
tropy current of conformal fluids on curved backgrounds [22]. The thermodynamic description
of these fluids, in effect, is related to the dilatation field on curved backgrounds. Inspired by
these results and the aforementioned relevance of scale in the hydrodynamic descriptions of sys-
tems near criticality, we expect that understanding scale invariance in non-relativistic fluids on
curved backgrounds might serve a broader context. The implications of scale invariance on the
incompressible Hall fluid is interesting in its own right. The quantized Hall conductivity is the
most fundamental transverse response for Hall fluids. The charge current flows perpendicular
to the direction of an external electric field and the transport is dissipationless [26]. While the
Hall conductivity is a key topological property, independent of the microscopic details of the
system, it does not specify the Hall fluid completely. A full characterization of the Hall fluid
also requires the intrinsic orbital spin and the corresponding Hall viscosity. These quantities
generate from the coupling of the Hall fluid to a curved background. The Hall viscosity is the
response of the Hall fluid to an external shear deformation of the background surface, under
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which the Hall fluid develops a momentum density perpendicular to it. As a result, the net
energy for the deformation vanishes resulting in a non-dissipative viscosity. At the level of the
effective hydrodynamic theory, this coupling of the hydrodynamic gauge fields of the fluid to
the spin connection is represented by the Wen-Zee term (whose coefficient involves the orbital
spin) [27], while the usual contribution to the Hall viscosity arises from the Berry phase term
(which contains the density and the temporal piece of the spin connection) [28]. In considering
scale transformations, we find the scale analogs of the Wen Zee and Berry phase terms, which
involve the dilatation field in place of the spin connection. While the Berry phase and Wen
Zee terms provide a Hall viscosity due to the antisymmetric nature of the spin connection, the
dilatation field leads to a non-trivial expansion of the fluid. Aspects of this response in the
context of the Newton-Cartan background will be further elaborated in the paper.
This paper is organized as follows. Section 2 details the localization of spacetime symme-
tries to develop the vierbein formulation of the scale covariant Newton-Cartan geometry. In
Section 3, we construct the scale covariant Newton-Cartan background beginning with a short
review of some basic properties of the torsion-free Newton-Cartan geometry. In this section we
will demonstrate that the curved backgound constructed through the localization of Galilean
and scale transformations can be identified with the scale covariant Newton-Cartan geometry.
In Section 4, we develop the Weyl covariant formalism suited to non-relativistic scale invariant
fluids following a brief description of the properties of ideal fluids on the Newton-Cartan back-
ground. In Section 5, the effect of non-relativistic scale invariance in the effective hydrodynamic
description of the Hall fluid is presented. In Section 6, we conclude with a discussion of our
results. Appendix A provides a detailed derivation of Schouten tensor of the Newton-Cartan
background.
2 Localization of Galilean and scale transformations
The minimal coupling of non-relativistic matter theories to curved background had been con-
sidered in [6, 16, 29]. Other approaches have been put forward to determine the nature of
curved non-relativistic backgrounds directly from the consideration of non-relativistic symme-
tries. One of these involves the derivation of the background geometry with appropriate metric
and curvature tensors, by gauging the centrally extended Galilean algebra (Bargmann algebra)
[30]. The conformal extension of this procedure has been carried out in [21]. Yet another
approach, which is very closely related to the gauging approach mentioned above is the coset
construction [31, 20]. Central to the success of these approaches, as well as our own, are the
presence of vierbeins. Through the involvement of vierbeins, the end result is guaranteed to
be manifestly covariant and independent of any specific choice of coordinates. However our
proposed prescription of localizing the space-time symmetries [10, 11] has a specific advantage.
Bearing the non-relativistic nature of absolute time, the parameters of temporal transforma-
tions depend only on time and not space. This in turn affects which vierbeins do result from
the procedure, and serves to elucidate the relation between the vierbeins and the localization
of the parameters one begins with.
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In this section the procedure described in [10, 13] will be extended to include anisotropic
scale transformations for z = 2 field theories. The procedure applies to any action invariant
under the (global) Galilean and scale transformations in flat space. For general z, a prescription
has been provided in [32]. Let us consider the global action
S =
∫
dtd3x L (φ, ∂tφ, ∂kφ) (2.1)
where the index ‘t’ and ‘k = 1, 2, 3’ denote time and spatial coordinates respectively. In
covariant notation these can be represented collectively by µ.
The Galilean transformation on time is a translation, while on spatial coordinates it is a
composition of spatial translations, rotations and boosts. Its infinitesimal version is as follows,
t→ t− ǫ, xi → xi + ǫi + ωijxj − vit = xi + ηi − vit (2.2)
where ηi = ǫi+ωijx
j , and ωij is antisymmetric. The parameters ǫ, ǫi, ωij and vi correspond to
time translation, space translation, spatial rotation and boost respectively. For global trans-
formations these parameters are constant.
In non-relativistic systems, time gets rescaled ‘z’ times as compared to the space coordinates
[14], where ‘z’ is called the dynamical critical exponent. This is well known as ‘Lifshitz scaling’
in the literature.1 It plays an important role in strongly coupled systems, which have been
investigated holographically and also found to be relevant in the description of strange metals
[34]. The expression of the scale transformations in time and space coordinates are given by,
t′ = ezst, xi
′
= esxi (2.3)
where ‘s’ is the parameter of the scale transformation. The infinitesimal transformation takes
the following form,
xi → xi + sxi, t→ t + zst (2.4)
As a specific case, we will consider the complex Schro¨dinger field theory, whose action is given
by,
S =
∫
dt
∫
d3x
[
i
2
(φ∗∂tφ− φ∂tφ∗)− 1
2m
∂kφ
∗∂kφ
]
(2.5)
This theory is invariant under Eq. (2.4) in (3 + 1)d when z = 2 and provided φ varies as
φ′(x′) = e−
3
2
sφ(x)
1Another non-relativistic conformal extension known in the literature is that of the Galilean Conformal
algebra [33]. The generator for non-relativistic scaling in GCA is,
D = −(xi∂i + t∂t)
In GCA, space and time scale uniformly like the relativistic case and the number of generators are the same as
those of the relativistic conformal group.
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Thus ∆L (= δ0L+ ξµ∂µL+∂µξµL) for (2.5) vanishes under the following variations of the field
φ and its derivatives,
δ0φ = −ξ0∂tφ− ξi∂iφ− imvixiφ− 3
2
sφ
δ0∂kφ = −ξ0∂t(∂kφ)− ξi∂i(∂kφ)− imvi∂k(xiφ) + ωkm∂mφ− 5
2
s∂kφ
δ0∂tφ = −ξ0∂t(∂tφ)− ξi∂i(∂tφ)− imvixi∂tφ+ vi∂iφ− 7
2
s∂tφ (2.6)
where ξ0 = −ǫ+ 2st and ξi = ǫi + ωijxj − vit + sxi.
Now we will follow a similar localization procedure as that described in [10]. To retain the
invariance of the theory under local transformations we first introduce additional fields through
the ‘gauge covariant derivatives’ [10]. The covariant derivatives are defined as,
Dkφ = ∂kφ+ iαωkφ+ iβCkφ
Dtφ = ∂tφ+ iαωtφ+ iβCtφ (2.7)
The ‘ωµ’ fields account for the change due to the localization of the Galilean transformations
[10], while the ‘C’ fields in (2.7) do so for scale transformations. The coefficients of ω and C
fields are α and β respectively, which depend on the matter theory. The explicit structure of
the gauge fields ‘ω’ and ‘C’ are as follows,
ωk = ω
ab
k λab + ω
a0
k λa
ωt = ω
ab
t λab + ω
a0
t λa
Cµ = Dbµ (2.8)
where λab and λa are respectively the generators of rotations and Galilean boosts, and ‘D’ is
the dilatation generator. The expression for the generator of the Galilean boost is given by
λa = mxa. In (2.8) ω
ab
µ and ω
a0
µ are the spin connections corresponding to rotations and boosts
respectively, while bµ is the dilatation field.
It can be noted that these definitions are insufficient to restore the invariance of the theory
under local transformations since Dkφ and Dtφ do not vary as the partial derivatives in (2.6).
In order to remedy this, we proceed by introducing local spatial coordinates ‘xa’ (a =1, 2, 3),
which will also help in parametrizing the tangent space of the curved background. We can then
define the covariant derivatives with respect to these local coordinates in the following way
D˜0φ = e0
0Dtφ+ e0
kDkφ
D˜aφ = ea
kDkφ (2.9)
where the eµα are inverse vierbein fields [12]. Note that local time will be the same as the
global one due to the absolute nature of Newtonian time. It can now be demonstrated that the
derivative D˜aφ defined in Eq. (2.9) do transform in a manner similar to the partial derivative
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∂kφ in (2.6), provided the fields ωk, Ck and ea
k vary according to
δ0ωk = −ξµ∂µωk − ∂kξµωµ +m∂kvixi +m(vk − ekava)
δ0Ck = −ξµ∂µCk − ∂kξµCµ + 1
2
∂ks
δ0ea
k = −ξµ∂µeak + ∂iξkeai − seak − ωbaebk (2.10)
Likewise, the temporal covariant derivative, D˜0φ, would transform as ∂tφ provided the
variations of ωt, Ct, e0
0 and e0
k satisfy,
δ0ωt = −ξµ∂µωt − ∂tξµωµ +mek0vk +m∂tvixi
δ0Ct = −ξµ∂µCt − ∂tξµCµ + 3
2
∂ts
δ0e0
0 = −ξµ∂µe00 + ∂tξ0e00
δ0e0
k = −ξµ∂µe0k + ∂µξke0µ − 2se0k + vbebk (2.11)
We can now replace the partial derivatives in the action (2.1) with these local covariant deriva-
tives to give,
L (φ, ∂tφ, ∂kφ)→ L′
(
φ, D˜0φ, D˜aφ
)
However, ‘L′’ is not invariant under the local Galilean and scale transformations and the in-
variance of the action requires the change in the measure be accounted for. Therefore the
Lagrangian is modified to
L = ΛL′ (2.12)
To retain the invariance of the action, ‘Λ’ has to satisfy,
δ0Λ + ξ
µ∂µΛ = 0 (2.13)
The appropriate form of ‘Λ’ is found to be,
Λ =
1
e00
detek
a (2.14)
which is the Jacobian for the Galilean and scale transformations.
Replacing the partial derivatives with the local covariant derivatives and considering the
change in the measure, we have the following action,
S =
∫
dtd3x ΛL
(
φ, D˜0φ, D˜aφ
)
(2.15)
Following the aforementioned procedure for the Schro¨dinger action (2.5), one can achieve the
localized form as follows
S =
∫
dt
∫
d3x Λ
[
i
2
(
φ∗D˜0φ− φD˜0φ∗
)
− 1
2m
D˜aφ
∗D˜aφ
]
. (2.16)
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Note that unlike relativistic theories, the mass is not the coefficient of the linear term in the
potential, but enters as a passive parameter in the kinetic term which has no scaling dimension
[35]. Since non-relativistic theories hold in the regime where the energies being dealt with are
far less than the (rest) mass, massive scale invariant non-relativistic theories can, and do exist.
In the following section we will describe how one can identify the curved background derived
above as the scale covariant Newton-Cartan geometry.
3 Construction of the Scale covariant Newton-Cartan
geometry
One major application of the localization procedure in [10] was the construction of Newton-
Cartan geometry through a specific identification of the fields, which was discussed in detail
in [12]. As we have seen, the additional inclusion of scale invariance has led to a different
result following localization. First, the transformation properties of the additional fields that
were introduced at the time of localization of the Galilean symmetry were modified. Second,
the localization procedure brought in additional gauge fields that were required in order to
render the action invariant. We thus expect on account of the different fields introduced in the
localization procedure, each with their own scaling dimension, to lead to a different geometry
upon identifying the vierbeins of the manifold. However, this geometric structure should reduce
to the Newton-Cartan geometry in the limit of vanishing scale parameters. We will begin with
the review of some basic properties of the torsion-free Newton-Cartan background.
Newton-Cartan geometry : The Newton-Cartan background is Cartan’s spacetime formula-
tion of the classical Newtonian theory of gravity [36]. It is a non-relativistic manifold which
contains a degenerate inverse spatial metric and a degenerate temporal 1-form satisfying the
following relations,
∇µhαβ = 0 ∇µτν = 0
hµντµ = 0 (3.1)
where ‘∇µ’ is the covariant derivative associated with a connection Γ of the manifold. Therefore
hµν and τµ satisfy metricity conditions seperately and are orthogonal to each other. Given that
the metrics are degenerate, their inverses do not exist. Formally, we can define a generalized
inverse for the temporal 1-form τµ, such that
τµτµ = 1 (3.2)
There exists a class of τµ which satisfy the above relation, with respect to which we can further
define a spatial metric hµν that satisfies the following relations
hµντ
µ = 0
δµν = h
µλhλν + τ
µτν (3.3)
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where hµλhλν = P
µ
ν is the projection operator of the Newton-Cartan background. From
Eq. (3.3) we can obtain the variation of hµν as,
δhµν = −2hρ(µτν)δτρ (3.4)
Thus variations of hµν are not independent of τ
µ and only one of these fields must be considered
as independent. We adopt the conventional choice of τµ being the independent field under
variations.
As the covariant derivative in Eq. (3.1) is metric compatible with both the metrics, the
resultant connection is not uniquely determined by these metrics alone. This allows the Newton-
Cartan background to geometrically capture the presence of external forces [37]. The Newton-
Cartan geometry can be described in terms of vierbein fields (e0µ, e
a
µ) and their inverses (e
µ
0 ,
eµa), which allows to derive the expression of the connection using the ‘vierbein postulate’,
∇µeνα = ∂µeνα − Γρνµeρα + ωαµβeνβ = 0 (3.5)
where ωµ
αβ are the spin connections. In contrast with the Poincare´ case, here ωµ
αβ splits
into two distinct parts (ωµ
ab, ωµ
a0) [21]. With all these considerations, one can derive a linear
symmetric connection [12] as,
Γρνµ = τ
ρ∂(µτν) +
1
2
hρσ
(
∂µhσν + ∂νhσµ − ∂σhµν
)
+ hρλτ(µKν)λ
= Γ′ρνµ + h
ρλτ(µKν)λ (3.6)
Γ′ρνµ in Eq. (3.6) represents the inertial part of the connection, while the full connection Γ
ρ
νµ
contains additional non-inertial forces through the term Kλµ [29]. Further, while Γ
′ρ
νµ takes
the same form for all Newton-Cartan connections, there exist many possible parametrizations
of Kλµ which are compatible with the symmetries of the background [32]. The requirement
that the symmetric Newton-Cartan connection be the non-relativistic limit of a Riemannian
connection uniquely restricts Kλµ to only one of the possible cases.
Given the (torsion-free) symmetric connection (3.6), one can construct the Riemann tensor
in the usual way,
[∇µ,∇ν ]V λ = RλσµνV σ (3.7)
For a symmetric Newton-Cartan connection, the Riemann tensor satisfies the following rela-
tions,
τρR
ρ
σµν = 0, R
λ
σ(µν) = 0, R
λ
[σµν] = 0, R
(λσ)
µν = 0 (3.8)
If in addition the connection has to possess the correct Newtonian limit of the connection of a
Riemannian manifold, then the following additional constraint known as Trautman’s condition
has to be imposed on the Riemann tensor,
Rλσ
µ
ν = R
µ
ν
λ
σ (3.9)
where all indices in Eq. (3.9) have been raised using hαβ . This condition can be satisfied by
requiring that dK = 0, which implies that
Kλµ = 2∂[λAµ] (3.10)
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where Aµ is an arbitary 1-form. This form of Kλµ can now be used to provide covariant
expressions of Newtonian dynamics. Let us define,
φ = τµAµ , h
µν∇µ∇νφ = 4πρ (3.11)
Then using Eq. (3.8) and Eq. (3.10) the Ricci tensor is seen to satisfy the following equation,
Rµν = 4πρτµτν (3.12)
which is the correct Newtonian limit of Einstein’s equations. In Eq. (3.12) ‘ρ’ is the mass
density which occurs in Poisson’s equation. To further elaborate on how the two form K is
associated with forces, we first let the temporal vector τµ be free of accelerations in the inertial
frame, i.e. τµ∇′µτ ν = 0. Then we find that
τµ∇µτ ν = a¯ν = τµKµλhλν (3.13)
Thus a¯µ is always spatial (a¯ντν = 0). Using Eq. (3.13) it is now straightforward to demonstrate
that
−2hα[µ∇ν]τα = Kµν (3.14)
The Riemann tensor can be used to construct the Weyl tensor, which will be particularly
relevant in the context of the scale covariant Newton-Cartan background. The trace free part
of the Riemann tensor, known as Weyl tensor, can be constructed as,
Cλσµν = Rλσµν + 2(hλ[µSν]σ + τλτ[µSν]σ)− 2(hσ[µSν]λ + τστ[µSν]λ) (3.15)
where ‘Sνσ’ is the Schouten tensor. However the result does not follow as straightforwardly for
the Newton-Cartan background, and the steps involved in determining Sνσ from Eq. (3.15)has
been elaborated on in the Appendix. The Newton-Cartan structure described above is invari-
ant under Galilean transformations. We will now consider anisotropic scale transformations
with dynamical exponent z = 2 in addition to the Galilean transformations. The structure
which covariantly rescales under this anisotropic scaling will be addressed as the scale covari-
ant Newton-Cartan background.
Scale covariant Newton-Cartan geometry : We now proceed to discuss the realization of the
scale covariant Newton-Cartan geometry from our method of localization of the Galilean and
scale symmetry following the same approach described in [12]. The vierbeins and their inverse
introduced during localization satisfy,
e
µ
0e
0
µ = 1, e
µ
ae
a
ν = δ
µ
ν + e
µ
0e
0
ν ,
eaµe
µ
b = δ
a
b , e
µ
0e
a
µ = 0, e
0
µe
µ
a = 0 (3.16)
where δ refers to the usual Kronecker delta and µ, ν, · · · and a, b, · · · refer to the curved back-
ground and the local tangent space indices respectively [21]. The spatial inverse metric and
temporal 1-form of the Newton-Cartan geometry can be written in terms of the vierbeins and
their inverses as follows,
hµν = eµae
ν
b δ
ab, τµ = e
0
µ (3.17)
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Following this the spatial covariant metric and the inverse of the temporal 1-form will be,
hµν = e
a
µe
b
νδab, τ
µ = eµ0 (3.18)
We can now rewrite Eq. (2.16) as the following covariant action using the definition (2.9),
S =
∫
dt
∫
d3x
√
h
[
i
2
(φ∗τµDµφ− φτµDµφ∗)− 1
2m
hµνDµφ
∗Dνφ
]
(3.19)
The action (3.19) can now be interpreted as that of a massive Schro¨dinger complex scalar field
coupled to the scale covariant Newton-Cartan geometry.
Due to inclusion of this scale transformation, the Newton-Cartan contravariant spatial met-
ric and covariant temporal 1-form do not obey the metricity conditions. These relations follow
from the vierbein postulate satisfied by the vierbeins,
∇˜µeν0 = ∂µeν0 − Γ˜ρνµeρ0 + ω0µβeνβ + 2bµeν0 = 0
∇˜µeνa = ∂µeνa − Γ˜ρνµeρa + ωaµβeνβ + bµeνa = 0 (3.20)
where ∇˜, Γ˜ are the covariant derivative and the connection of the scale covariant Newton-Cartan
geometry respectively, ωµ
αβ (α = 0, a) are the same as those of the Newton-Cartan background
(3.5) and bµ is the dilatation field introduced earlier in (2.8). The contravariant spatial metric
and covariant temporal 1-form can be expressed in terms of the vierbeins following Eq. (3.17).
Similar to the Newton-Cartan case, Eq. (3.20) directly leads to the expression for the covariant
derivative on τν and h
µν respectively,
∇˜µτν = −2bµτν , ∇˜µhρσ = 2bµhρσ (3.21)
Despite the non-metricity, the following orthogonality and projection relations are still satisfied
by the scale covariant Newton-Cartan background,
hµντν = 0, hµντ
ν = 0, hµλhλν = δ
µ
ν − τµτν , τµτµ = 1 (3.22)
Following the vierbein postulate (3.20) the general expression for the connection can be obtained
as,
Γ˜ρνµ = ∂µeν
αeα
ρ + ωαµβeν
βeα
ρ + 2bµeν
0e0
ρ + bµeν
aea
ρ (3.23)
From the first relation of Eq. (3.20), we can also find the following relation,
∂[µτν] =
T˜ ρνµ
2
τρ − 2b[µτν] (3.24)
where T˜ ρνµ = 2Γ˜
ρ
[νµ] is the torsion tensor of the scale covariant Newton-Cartan background.
For the Newton-Cartan background, the temporal component of the torsion tensor
(
T ρµντρ
)
vanishes if dτ = 0 (since ∂[µτν] =
T
ρ
νµ
2
τρ) [38]. In including scale transformations the temporal
component of the torsion tensor involves additional constraints. Due to the presence of the bµ
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field, T˜ ρµντρ 6= 0 even while dτ = 0. The second implication is that when T˜ ρµντρ = 0 we have the
following condition on dτ ,
∂[µτν] = −2b[µτν] (3.25)
This equation implies that for the scale covariant Newton-Cartan background τµ is not closed
and the temporal part of the field bµ can be gauged away. However, Eq. (3.25) still leads to the
Frobenius condition being satisfied, ensuring the existence of spatial hypersurfaces orthogonal
to τµ. This relation leads to the “twistlessness condition” of the TTNC background [21].
The above cases dealt with the temporal component of the torsion tensor. The general
expression of the torsion tensor for the scale covariant Newton-Cartan background, including
the spatial component, can be derived from Eq. (3.20) through
∂[µeν]
α − Γ˜ρ[νµ]eρα + ωα[µ|β|eν]β + 2b[µeν]0δα0 + b[µeν]bδαb = 0 (3.26)
Contracting with eα
σ on both sides results in
T˜ σνµ
2
=
[
τσ∂[µτν] + 2b[µτν]τ
σ
]
+
(
∂[µeν]
a + ωa[µ|beν]
b + b[µeν]
a
)
eσa +Kγ[ντµ]h
σγ (3.27)
where
Kγ[ντµ]h
σγ =
1
2
eaγ [ω
a
0ντµ − ωa0µτν ]hσγ (3.28)
In Eq. (3.27) the first and second lines represent the temporal and spatial contributions respec-
tively. In the limit of bµ → 0, Eq. (3.27) reduces to the general Newton-Cartan torsion. We also
note that the torsion-free scale covariant Newton-Cartan background will always be subject to
Eq. (3.25).
We can now express the connection in terms of the metrics and the dilatation field (bµ)
defined earlier. Making use of (3.23), the symmetric part of connection can be written as,
1
2
[Γ˜ρνµ + Γ˜
ρ
µν ] =
1
2
[
(∂µeν
0e0
ρ + ∂νeµ
0e0
ρ) + (∂µeν
aea
ρ + ∂νeµ
aea
ρ)
+ (ωaµ0eν
0ea
ρ + ωaν0eµ
0ea
ρ) + (ωaµbeν
bea
ρ + ωaνbeµ
bea
ρ)
+2(bµeν
0e0
ρ + bνeµ
0e0
ρ) + (bµeν
aea
ρ + bνeµ
aea
ρ)
]
(3.29)
Using ea
ρ = hρσeσ
a, the above expression will take the following form,
1
2
[Γ˜ρνµ + Γ˜
ρ
µν ] = τ
ρ∂(µτν) +
1
2
hρσ[∂µhσν − eνa∂µeσa] + 1
2
hρσ[∂νhσµ − eµa∂νeσa]
+
1
2
(ωa0µeν
0ea
ρ + ωa0νeµ
0ea
ρ + ωaµbeν
bea
ρ + ωaνbeµ
bea
ρ)
+
1
2
(bµδ
ρ
ν + bνδ
ρ
µ + bµτντ
ρ + bντµτ
ρ) (3.30)
Since we are now considering the symmetric part of Γ˜ρνµ, we have the following relation,
−eνa∂µeσa − eµa∂νeaσ = (−∂σhµν − ωaµbeνbeσa − ωaνbeµbeσa) + (bµhσν + bνhσµ − 2bσhνµ) (3.31)
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Using this expression in (3.30) the symmetric part of the connection of the scale covariant
Newton-Cartan geometry can be written as
1
2
[Γ˜ρνµ + Γ˜
ρ
µν ] = τ
ρ∂(µτν) +
1
2
hρσ
(
∂µhσν + ∂νhσµ − ∂σhµν
)
+ (bµδ
ρ
ν + bνδ
ρ
µ − bσhρσhνµ)
+ hρλτ(µKν)λ (3.32)
where the last term is given by [12]
hρλτ(µKν)λ =
1
2
hρλ[τµω
a
0νeλ
a + τνω
a
0µeλ
a] (3.33)
In the presence of torsion (3.27) the general connection becomes,
Γ˜ρνµ = τ
ρ∂(µτν) +
1
2
hρσ
(
∂µhσν + ∂νhσµ − ∂σhµν
)
+ (bµδ
ρ
ν + bνδ
ρ
µ − bσhρσhνµ)
+ hρλτ(µKν)λ +
1
2
hρσ
[
−T˜µνσ − T˜νµσ + T˜σνµ
]
(3.34)
where T˜ σνµ was already defined in Eq. (3.27).
We will now strictly assume that the connection of scale covariant Newton-Cartan back-
ground is symmetric (T˜ σνµ = 0) and will consider the curvature terms and their properties in
the following. This construction will be applicable to z = 2 theories only. For convenience, the
symmetric connection will be written in the following way,
Γ˜ρνµ = Γ
ρ
νµ + (bµδ
ρ
ν + bνδ
ρ
µ − bσhρσhνµ) (3.35)
where Γρνµ represents the usual Newton-Cartan symmetric connection (3.6). The Riemann
tensor for the symmetric connection in Eq. (3.35) is defined in the usual way,
[∇˜µ, ∇˜ν ]V λ = R˜λσµνV σ (3.36)
Upon expansion, we find the following result
R˜λσµν = R
λ
σµν + 2∇[µ(bν]δλσ + δλν]bσ − hν]σbδhδλ) + 2δλ[µ(bν]bσ − hν]σbρbσhρσ)
+ 2bρh
ρλb[µhν]σ − 2bρτρτ[µhν]σbγhγλ (3.37)
For the Newton-Cartan background τλR
λ
σµν = 0 allowed us to use Rλσµν = hλρR
ρ
σµν . Here
R˜λσµν does not satisfy the properties given in Eq. (3.8) and (3.9). We require δ
µ
λR˜
λ
σµν = R˜σν
which implies that one can lower the indices with the combination (hµν + τµτν) and raise with
(hµν + τµτ ν) using the identity,
δ
µ
λ = (h
µα + τµτα)(hαλ + τατλ) (3.38)
Therefore for the scale covariant Newton-Cartan background, we have
(hλǫ + τλτǫ)R˜
λ
σµν = R˜ǫσµν = Rǫσµν + 2(hǫσ + τǫτσ)∇[µbν] + 2(hǫ[ν∇µ]bσ + τǫτ[ν∇µ]bσ)
− 2∇[µ(hν]σbǫ) + 2τ δτǫ∇[µ(hν]σbδ) + 2hǫ[µbν]bσ + 2τǫτ[µbν]bσ
− 2hǫ[µhν]σhγρbγbρ − 2τǫτ[µhν]σhγρbγbρ + 2bǫb[µhν]σ − 2bρτρτǫb[µhν]σ
− 2bρτρτ[µhν]σbǫ + 2τγτρbγbρτǫτ[µhν]σ (3.39)
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By contracting 3.39 with (hǫµ + τ ǫτµ) we get the expression for the Ricci tensor R˜σν ,
R˜σν = Rσν + 2∇[σbν] −∇µ(hνσbǫhǫµ) + (n− 2)[bνbσ −∇νbσ − hνσhγρbγbρ]
− τσ∇ν(τρbρ) + 2bρτρτ(σbν) − (bρτρ)(bγτγ)(τντσ) (3.40)
This is of course the same result one would get from Eq. (3.37) by setting ‘λ = µ’. Again
contracting Eq. (3.40) with (hσν + τστ ν) the expression of the Ricci scalar can be obtained as
follows,
R˜ = R− hµν∇µbν(2n− 3)− (τµ∇µ(bρτρ)− τγτρbγbρ)(n− 1)
+ (n− 2)bστρ∇ρτσ − (n− 2)2hγρbγbρ (3.41)
It is evident from the previous expressions (3.39-3.41) that the Riemann tensor, Ricci tensor
and Ricci scalar are not invariant under the scale transformations and certain symmetries of
the Newton-Cartan Riemann tensor are not satisfied by the rescaled counterpart. If we now
assume that 2b[µτν] = −∂[µτν] then it can be observed that the Weyl tensor defined in Eq. (3.15)
is invariant under non-relativistic scale transformations,
Cλσµν = C˜
λ
σµν (3.42)
However, in many cases it may be useful to consider the symmetries of the rescaled Riemann
tensor without imposing additional conditions. For instance, this is useful in the treatment of
non-ideal conformal fluids on curved backgrounds [22]. We will briefly discuss this point in the
treatment of non-relativistic fluids in the next section.
4 Non-relativistic fluids on curved backgrounds
The aim of this section is to elaborate on an important application of the construction of the
previous sections, namely, in the description of non-relativistic fluids. Fields close to equilib-
rium admit a hydrodynamic description. Within this description the stress tensor and sym-
metry currents are expressed in a gradient expansion of the fluid variables and the spacetime
background. We will first give a detailed description of ideal fluids on the Newton-Cartan back-
ground. Following this we develop a Weyl-covariant formalism which will facilitate the study
of scale invariant non-relativistic fluids. While our analysis will be confined to the case of ideal
fluids, the framework can be used for a more detailed investigation of the derivative expansion
involved for general non-relativistic fluids.
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4.1 Fluid dynamics on the Newton-Cartan background
In the non-relativistic hydrodynamics regime, the basic fluid variables are the local velocity
vi(x) and mass density ρ(x), and they satisfy the following conservation equations,
∂tρ+ ∂i(ρv
i) = 0 (Continuity equation)
∂t(ρv
i) + ∂iT
ij = 0 (Momentum conservation equation)
∂t
(
ǫ+
1
2
ρv2
)
+ ∂ij
i = 0 (Energy conservation equation) (4.1)
where T ij, ǫ and ji are the stress tensor, energy density and matter current of fluid respectively.
In this subsection we review some of the relevant properties of ideal non-relativistic fluids
on the Newton-Cartan background with zero torsion following [16, 17, 18]. This description
requires a choice of fluid velocity, for which we consider uµ such that
uµτµ = 1 (4.2)
A sensible requirement is that the ideal fluid has no acceleration and is irrotational [16] when
considered with respect to the inertial frame of the Newton-Cartan background, i.e.
a′µ = uρ∇′ρuµ = 0, ω′µν = hγ[µ∇′γuν] = 0 (4.3)
where ∇′ is the covariant derivative corresponding to the inertial piece of the Newton-Cartan
connection Γ′ in Eq. (3.6). The total covariant derivative will act on the fluid velocity uν as,
∇µuν = ∇′µuν + hνλτ(µKρ)λuρ (4.4)
From Eq. (4.3) and Eq. (4.4) it then follows that the fluid variables for the expansion, acceler-
ation, shear and vorticity for a general Newton-Cartan background can be written as,
θ = ∇µuµ = ∇′µuµ = θ′
aν = uµ∇µuν = hνλKρλuρ
σµν = [hλ(µ∇λuν)]− θ
n− 1h
µν = [hλ(µ∇′λuν)]−
θ
n− 1h
µν = σ′µν
ωµν = [hλ[µ∇λuν]] = ω′µν = 0 (4.5)
Thus apart from the acceleration, all other quantities to describe the fluid are invariant in
going from an inertial to a non-inertial frame. In addition to these quantities, the description
of a fluid requires a definition of the stress-energy tensor and other matter currents of the
theory. Since the Newton-Cartan background contains two degenerate metrics (hµν , τµτν) and
additional gauge fields (hµν , τ
µ, Aµ), these definitions should follow from a careful variation of
the action. The gauge field Aµ was introduced in Eq. (3.10). The most general variation of a
matter action on the Newton-Cartan background which leaves the connection invariant is given
by
0 = δS =
∫ √
hd4x
[
−1
2
Pµνδh
µν +Qµδτµ + J
µδAµ +Rµδτ
µ
]
(4.6)
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where Pµν , Q
µ, Jµ and Rµ will be identified with the physical stress tensor, energy current, mass
conservation current and momentum current respectively. Two of these variations correspond
to non-gauge variables, i.e. δhµν and δτµ, which are the variations of the given inverse spatial
metric and temporal 1-form. Setting these variations to vanish provides the contributions from
the pure gauge variables Aµ and τ
µ. Eq. (4.6) then reduces to,
δS =
∫ √
hd4x[JµδAµ +Rµδτ
µ] (4.7)
We can simplify Eq. (4.7) further by using Eq. (3.14) to find the following properties of Kλµ,
δKλµ = 2∇[λhµ]νδτ ν (4.8)
Since we are working up to first order in variations, it follows from Eq. (3.10) and Eq. (4.8)
that,
δAµ = hµρδτ
ρ + ∂µχ (4.9)
where ∂µχ represents the U(1) transformation of Aµ. Using the expression of δAµ from Eq. (4.9)
the action (4.7) simplifies to,
δS =
∫ √
hd4x[(Jµhµρ +Rρ)δτ
ρ − (∇ρJρ)χ] (4.10)
For arbitrary χ, δτρ = 0 gives,
∇ρJρ = 0 (4.11)
This is the equation for the conserved (matter) current in the theory. For arbitrary δτρ and
χ = 0 we have from Eq. (4.10),
Rµ = −Jρhµρ (4.12)
This is the well known relation between the momentum and particle number currents in non-
relativistic theories.
Considering the variation of the action under diffeomorphisms one has,
0 = δS =
∫ √
hd4x[−1
2
Pµν£ξh
µν +Qµ£ξτµ + J
µ£ξAµ +Rµ£ξτ
µ] (4.13)
where £ξ is the Lie derivative along some arbitrary vector field ξ
µ. Eq. (4.13) can be expressed
as,
0 = δS =
∫ √
hd4x ξν[∇µ(−T µν) + 2Jµ∇[νAµ] +Rµ∇ντµ] (4.14)
where
T µν = Pνρh
µρ +Qµτν −Rντµ (4.15)
Eq. (4.14) leads to,
∇µ(T µν) = 2Jµ∇[νAµ] +Rµ∇ντµ = JµKνµ +Rµ∇ντµ (4.16)
15
To provide the constitutive relations we will now describe the physical currents of the theory
in terms of fluid variables. For ideal fluids this involves the zeroth order derivative expansion.
Since Jµ is some mass flow, we can write
J
µ
i = ρiu
µ (4.17)
where ρi represents the conserved charge density. This choice is by no means exhaustive and in
a general derivative expansion for dissipative fluids there exist more terms involving the spatial
metric. At zeroth order in the derivative expansion we can also write Eq. (4.16) in the following
form,
∇µT µν = ρhνγaγ (4.18)
We can now deduce the form of T µν for ideal fluids. At this order Pµν , Q
µ and Rν in Eq. (4.15)
will not contain any derivatives of uµ. Hence T µν has the following general expression for ideal
fluids
T µν = αhνρh
µρ + βuµτν + γhναu
αuµ (4.19)
By performing the following contractions of T µν with the expression of Eq. (4.19),
hναhαµT
µ
ν = α + γu
αuβhαβ , τ
ντµT
µ
ν = β , u
ντµT
µ
ν = β + γu
αuβhαβ ,
we see that Qµ and Rµ can be interpreted as the energy and momentum currents respectively.
This leads to the natural identification of β = ǫ + 1
2
ρuαuβhαβ as the total energy of the fluid,
γ = −ρ to provide the momentum current and α = −P . With these conventions for α , β and
γ we have
T µν = (P + ǫ+
1
2
ρuαuβhαβ)u
µτν − Pδµν − ρhναuαuµ (4.20)
The constitutive relation (4.20) for an ideal fluid on the Newton-Cartan background is in
agreement with the result of [39]. The stress tensor of scale invariant fluids on the Newton-
Cartan background satisfies the z-deformed trace relation [40] zT 00 + T
i
i = 0. With the
expression of Eq. (4.20) we find that this trace provides the following Equation of state when
z = 2,
2ǫ = (n− 1)P (4.21)
Note that this is a fully classical treatment. If quantum fluids were considered then this relation
would follow from the ‘dilatation Ward identity’ associated with the Lifshitz symmetry.
Let us now consider the velocity uµ to be Milne invariant. We recall that the set of Milne
transformations which leave the (symmetric) connection invariant are,
τµ → τµ + hµνkν
hµν → hµν − 2τ(µkν) + kαkβhαβτµτν ,
Aµ → Aµ + kµ − 1
2
kαkβhαβτµ , (4.22)
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where kµ is an arbitrary spatial vector, i.e. τ
µkµ = 0. Under the Milne transformations (4.22),
the variation of (4.20) is given by
δT µν = −
ρ
2
uµτνh
αβkαkβ + ρu
µkν (4.23)
There exist several ways in which Milne covariance can be assured. One approach involves
redefining T µν such that
T˜ µν = T
µ
ν − ρuµAν
= (P + ǫ+
1
2
ρuαuβhαβ)u
µτν − Pδµν − ρuµuβhβν − ρuµAν (4.24)
The stress tensor of (4.24) is invariant under Milne boosts and agrees with the expression of
[41], where it was derived following the null reduction of a relativistic ideal fluid. A more
systematic approach to ensure Milne invariance of all fluid relations to all orders involves the
consideration of a Milne covariant formalism. This procedure was first described in [39]. Given
a Milne invariant velocity uµ, we define uµ = hµνu
ν and u2 = uµu
µ. We can now replace the
Milne variant fields of the Newton-Cartan structure (hµν , τ
µ , Aµ) with the new Milne invariant
variables (h˜µν , u
µ , A˜µ), where
h˜µν = hµν − uµτν − uντµ + u2τµτν
A˜µ = Aµ + uµ − 1
2
τµu
2 (4.25)
In this way, beginning with any theory on the Newton-Cartan background, we can transform
the gauge variables of the Newton-Cartan structure into the new Milne invariant variables.
This is particularly important in the case of the Newton-Cartan background with torsion, since
the connection in that case is not simultaneously U(1) and Milne invariant. We will continue
to work with the original set of variables of the Newton-Cartan structure as they will allow for
a clear relation to the scale covariant Newton-Cartan background to be considered next.
Another conservation equation we will be interested in involves the local entropy current. It
follows from the second law of thermodynamics as a derived notion. The requirement that en-
tropy should be non-decreasing during hydrodynamic evolution can be expressed in a covariant
way in terms of an entropy current whose divergence is non-negative.
∇µJµS ≥ 0 (4.26)
In Eq. (4.26) the equality holds for ideal fluids. The entropy current JµS can be expressed as,
J
µ
S = s
′uµ (4.27)
where ‘s′’ is the entropy density of the fluid.
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4.2 Fluids on the scale covariant Newton-Cartan background
In this subsection, we first introduce a manifestly Weyl-covariant formalism suited to the study
of non-relativistic scale invariant fluids. We assume that our system comprises of tensors
Q˜α...β... which obey Q˜
α...
β... = e
wsQα...β..., where w is the scaling weight under scale transformations.
Correspondingly, we also have the covariant derivative operator ∇˜ of the scale covariant Newton-
Cartan background which satisfies
∇˜µV λρ = ∇µV λρ + (bµδλν + bνδλµ − bσhλσhνµ)V νρ − (bµδνρ + bρδνµ − bσhνσhρµ)V λν (4.28)
where ∇µ is the usual Newton-Cartan covariant derivative and bµ is the dilatation field. The
fluid velocity on the scale covariant Newton-Cartan background transforms as u˜µ = e−zsuµ,
where z is the dynamical exponent. Given our consideration of the Newton-Cartan background
and our interest in the Schro¨dinger field in particular, we will consider the case where z = 2.
However, we will also indicate the results which will follow for general z for many of the
subsequent equations. Our analysis will be carried out in d spatial dimensions.
Using the above definitions, we can now write the general expression for ∇˜µu˜ν
∇˜µu˜ν = e−zs
[
(1− z)bµuν +∇µuν +
(
bαδ
ν
µ − bσhσνhµα
)
uα
]
(4.29)
With 4.29 and 4.5 we find that the expansion, acceleration, shear and vorticity have the
following transformations,
θ˜ = ∇˜µu˜µ = e−zs [(d+ 2− z)bµuµ + θ]
a˜ν = u˜µ∇˜µu˜ν = e−2zs
[
(2− z)bµuµuν + aν − bσhσνu2
]
σ˜µν = e−(2+z)s
[
σµν + (1− z)bλhλ(µuν) + bλuλhµν
]
ω˜µν = e−(2+z)s
[
ωµν + (1− z)bλhλ[µuν]
]
(4.30)
where θ, aν , σµν and ωµν are defined in 4.5.
The above set of equations motivate the introduction of a Weyl covariant derivative ‘D’
such that for the tensor Q˜α...β... described above, the derivative will act on it as,
DQ˜α...β... = ewsDQα...β... (4.31)
This leads to the following relation between D and ∇˜
Dµ = ∇˜µ − wbµ (4.32)
Note that the above covariant derivative is metric compatible.
Dµhµν = 0, Dµτµ = 0 (4.33)
For relativistic scale invariant ideal fluids, the Weyl covariant acceleration (uµDµuα) and expan-
sion (Dµuµ) are assumed to vanish, leading to an expression for ‘bµ’ in terms of the acceleration
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and expansion. We can identify a similar relation for the z = 2 non-relativistic scale invariant
fluids using the first two equations of (4.30). The requirements that uµDµuα = 0 and Dµuµ = 0
when z = 2 can easily be shown to lead to the following relation
bµ = −θ
d
τµ +
aµ
u2
(4.34)
These derivatives also define a curvature tensor through their commutator,
[Dµ,Dν ]V λ = R˜λσµνV σ − ωFµνV λ (4.35)
where Fµν = ∇˜µbν − ∇˜νbµ, and R˜λσµν is as given in Eq. (3.37). Note that should the usual
symmetries of the Riemann tensor be assumed in (3.37), the field strength for the dilatation
field bµ would necessarily vanish. While inconsequential for the case of ideal fluids, Fµν does
affect the derivative expansion and dissipative terms which result in non-ideal relativistic fluids
[22].
Let us now use this derivative to describe the conservation equations of ideal fluids on the
scale covariant Newton-Cartan background. For the stres tensor we consider Eq. (4.18) and
find that
DµT µν = ρaν (4.36)
provided T µν has weight ‘d+ z’ and satisfies zT
0
0+T
i
i = 0. It thus follows from Eq. (4.20) that
the scaling weights of ‘P ’ and ‘ǫ’ are both ‘d + z’, while the weight for ‘ρ’ is ‘d + 2 − z’. The
acceleration ‘aν ’ has the same weight as u
2 which is ‘2z− 2’, with which ‘ρaν ’ has the expected
weight of ‘d+ z’. These weights represent the familiar results for Lifshitz fluids.
Likewise for any current Jµi = ρiu
µ we find that
DµJµ = 0 (4.37)
when Jµi has the scaling weight of ‘(d + 2)’. Thus all current densities ρi have the weight
‘d+ 2− z’, including the entropy current relevant to the thermodynamics of the fluid.
We assume that our fluid is in local thermodynamic equilibrium in the neighbourhood of
any point of spacetime. Let us denote the entropy current density as ‘s′’, the temperature as
‘T ’ and the chemical potentials as ‘µi’. The first law of thermodynamics for this system can be
written in terms of the Weyl covariant derivative as,
TuλDλs′ = (n− 1)
2
uλDλP − µiuλDλρi (4.38)
It can be noted that the weight of ‘T ’ is ‘z’ while that of ‘µi’ be ‘2z − 2’. For ideal fluids, from
Eq. (4.36) and Eq. (4.37) it follows that uνDµT µν = 0 and µiuλDλρi = 0 respectively. This
establishes that uλDλP = 0 on substituting (4.20). Thus the entropy density for an ideal fluid
on the scale covariant Newton-Cartan background satisfies the following relation
TuαDαs′ = 0 (4.39)
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This implies that the ideal fluids on the scale covariant Newton-Cartan background satisfies
the local second law of thermodynamics i.e. the motions of the fluid conserve the entropy of
the system and no heat flows in or out of the fluid during its motion.
Having considered scale invariant ideal fluids in this subsection, we already noted some key
differences with the relations that result from relativistic backgrounds. It will be essential to
further consider the description of fluids at higher orders in the derivative expansion. This can
be carried out using the derivative provided in Eq. (4.32) and the field strength constructed
from it in Eq. (4.35), along with the Riemann tensor relations (3.37) - (3.41). In consideing
the derivative expansion, we must allow for ∇[µbν] 6= 0 in general, which will further require us
to consider the scale covariant Newton-Cartan background in the presence of torsion. As such,
we leave the investigation of this topic to future work.
5 Contributions of scale symmetry to the Hall Effect
In this section, we will be interested in the consequences of non-relativistic anisotropic scale
symmetry in describing Hall fluids. We will follow the procedure described in [28] where the Hall
viscosity and the Wen-Zee term are derived using an effective hydrodynamic theory. The Hall
viscosity results from the Berry phase term in the effective action [28]. More specifically, it is
the response to spatial stress in the corresponding term of the stress energy tensor. The effective
field theory consists of the Schro¨dinger field minimally coupled to a background electromagnetic
field Aµ, and a “dynamical” statistical field aµ. The inclusion of the Chern Simons term
involving the field aµ follows from the need to study perturbations about a mean field of a
strongly coupled anyonic system. The field aµ in effect fixes the statistics of the system to
be either bosonic or fermionic and enables the study of responses to the system. After the
perturbation has been taken into account, one can then integrate out this field to have the
effective field theory description of the Hall fluid. In this context, the field Φ represents either
a composite boson or a composite fermion. Since we are interested in the consequences of
curved backgrounds on the system, we will consider the field Φ as a composite boson. We can
then express the Chern Simons Landau Ginzburg (CSLG) effective action of the Quantum Hall
system [42] in the following way,
S =
∫
dtd2x
√
h
[
i
2
τµ (Φ(x)DµΦ(x)
∗ − Φ∗(x)DµΦ(x))− 1
2m
hµν(DµΦ(x))
∗(DνΦ(x))
− V (Φ∗Φ) + ε
µνλ
8πg
aµ∇νaλ
]
(5.1)
where εµνλ is the Levi Civita tensor, and the covariant derivative on the curved background
‘Dµ’ is,
Dµ = ∂µ + ieAµ + iaµ + igωµ + ig′bµ
= ∂µ + iαµ + iaµ , (5.2)
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In (5.2) ‘Aµ’ is the external electromagnetic field, ‘aµ’ is the statistical gauge field, ‘ωµ’ is the
field introduced during localization of te Galilean transformations [10] and ‘bµ’ is the dilatation
field introduced in Section 3. Following (2.8) the field ωµ can be decomposed as,
ωµ = ω¯µ +mAµ (5.3)
where ω¯µ is the usual SO(2) connection and the second term in (5.3) is related to the mass
generating gauge field on Newton-Cartan background. Since we will integrate out the statistical
field aµ before our final result, it will be useful to write the covariant derivative as in the second
equality of (5.2). The hydrodynamic version of (5.1) is derived by expressing the complex field
Φ in polar variables [28, 43, 44],
Φ =
√
ρeiθ (5.4)
where ρ = Φ∗Φ is the matter density. The transformation (5.4) leads to the following action,
S =
∫
dtd2x
√
h[ρτµ (∂µθ + αµ + aµ)− ρ
2m
hµν (∂µθ + αµ + aµ) (∂νθ + αν + aν)
− 1
8mρ
hµν∂µρ∂νρ− V (ρ) + ε
µνλ
8πg
aµ∇νaλ] (5.5)
The response of the FQH state follows from the variations of the fields
ρ→ ρ¯+ δρ
Aµ → A¯µ + δAµ
aµ → a¯µ + δaµ (5.6)
where the barred values represent the mean field values. The FQH state of the electron cor-
responds to the superfluid state of the boson Φ, where A¯µ is completely cancelled by a¯µ [28].
Further, for the Hall fluid the average density, ρ¯, is related to the fields A¯µ as,
ρ¯ =
1
4πg
ε0ij∇iA¯j(= 1
4πg
B) = − 1
4πg
ε0ij∇ia¯j (5.7)
where the filling fraction in Eq. (5.7) is written in terms of the intrinsic orbital spin ‘g’ through
the relation ν = 1
2g
and ‘B’ is the magnetic field. With these considerations at hand, the
effective action (5.5) provides the following expansion up to quadratic order in variations and
derivatives.
L =
√
h
[
τµ(∂µθ + δαµ)ρ¯+ τ
µ(∂µθ + δαµ + δaµ)δρ
− ρ¯h
µν
2m
(∂µθ + δαµ + δaµ)(∂νθ + δαν + δaν) +
εµνλ
8πg
δaµ∇νδaλ − V (ρ¯)
]
(5.8)
We can now introduce a field jµ through a Hubbard-Stratonovich transformation on the kinetic
term of the action in Eq. (5.8) to rewrite the action as,
L =
√
h
[
τµ(∂µθ + δαµ)ρ¯+ τ
µ(∂µθ + δαµ + δaµ)δρ− (∂µθ + δαµ + δaµ)hµνjν
+
m
2ρ¯
jµh
µνjν − V (ρ¯) + ε
µνλ
8πg
δaµ∇νδaλ
]
, (5.9)
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In the absence of the vortex excitations, we can integrate out the phase variable θ in (5.9) to
find the following conservation equation,
∂µ(
√
hJµ) =
√
h∇µJµ = 0 (5.10)
where we have defined Jµ = δρτµ− jνhνµ. Given Eq. (5.10) holds, we can further express it as,
Jµ = εµνλ
1
2π
∇νfλ , (5.11)
where fλ are the new hydrodynamic gauge variables. Clearly, J
µ remains invariant under U(1)
transformations of the field fλ. By substituting this expression for J
µ back in 5.9, we find,
L =
√
h
[
ρ¯τµδαµ + ε
µνλ 1
2π
∇νfλ(δαµ + δaµ) + m
2ρ¯
jµh
µνjν +
εµνλ
8πg
δaµ∇νδaλ − V (ρ¯)
]
(5.12)
Integrating out δaµ and using the expression of δαµ from Eq. (5.2) we obtain this effective
theory for the Hall state on the scale invariant Newton-Cartan background upto the leading
order in gauge fields,
L =
√
h
[
(gτµωµρ¯+ g
′τµbµρ¯) + (
g
2π
εµνλωµ∂νfλ +
g′
2π
εµνλbµ∂νfλ)
+eτµδAµρ¯+ e
2π
εµνλδAµ∂νfλ − g
2π
εµνλfµ∂νfλ + · · ·
]
(5.13)
The first parenthesis in Eq. (5.13) represents the Berry phase terms and the terms in the second
parenthesis are the Wen-Zee terms. The terms with coefficient ‘g’ arise due to the symmetries
of the Newton-Cartan background. The terms involving ‘g′’ are the contributions due to the
scale covariance of the background. Our aim is to study the response of the effective action
(5.13) to time dependent variations of the spatial metric. This response receives contributions
only from those terms which are quadratic in variations of the spatial metric under the presence
of a constant magnetic field (ρ¯ = const.). Hence only the Berry phase terms will be relevant to
study the contribution to the Hall viscosity through the stress tensor. The Wen-Zee terms will
change the flux due to the curved background in a time independent manner.
We will consider the time dependent variations of the spatial metric and its inverse about
flat space, which we will label as δhµν(t) and δh
µν(t) respectively. In doing so with Eq. (5.13),
we end up with the following contribution which is quadratic in variations,
L2 =
1
8
gρ¯ ǫabδ
aµδbν
(
δhµρδh˙
ρν
)
+
1
4
g′ρ¯δhµρδh˙
µρ + · · · (5.14)
where the overdot implies the time derivative and ‘· · · ’ denotes those terms other than quadratic
order, which have been neglected in L2. Using Eq. (5.14), we find the following correction to
the stress tensor,
T µν =
ηH
2
(
1
2
ǫabδ
aµδbσδhλν
˙δh
λσ − 1
2
ǫabδ
aσδhσλδ
b
ν
˙δh
λµ
)
+
θH
2
∂t (δh
µσδhσν) (5.15)
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where we have denoted gρ¯
2
= ηH and
g′ρ¯
2
= θH . ‘ηH ’ is the Hall viscosity and ‘θH ’ is the correction
to the Hall viscosity which follows from our consideration of the scale covariant Newton-Cartan
background. As ρ¯ is proportional to the magnetic field B following (5.7), both the Hall viscosity
and the correction to it are also proportional to the magnetic field. In deriving 5.15 we made
use of the fact that ǫ0b = 0. In involving the time derivative of the spatial metric variations
this additional term rescales the Hall fluid. We note that the spatial metric variations must
also be related to corresponding temporal variations of τµ, so as to satisfy (3.3). As such, this
term may also be viewed as an expansion of the Hall droplet which results in order to preserve
the scale covariance of the Newton-Cartan background.
Scale invariance can be expected to play a larger role in the context of Hall fluids on
Newton-Cartan backgrounds. It is known, for instance, that the inclusion of torsion affects the
response of Quantum Hall systems [5]. Since the scale covariant Newton-Cartan background
is known to constrain the expression of the torsion tensor (3.27), its inclusion in the above
analysis will lead to additional scale dependent responses. We also noted that variations of
the temporal vierbein will be necessary in order to ensure that the spatial metric variations
preserve the Newton-Cartan structure. This is a feature of the Newton-Cartan background, as
such constraints on metric variations do not arise in the analysis of the Quantum Hall effect
on relativistic backgrounds. We leave the detailed analysis of such responses to future work,
which should lead to further insight into the term derived in Eq. (5.15).
6 Conclusion
In this paper the scale transformation was successfully included in the localization scheme for
a non-relativistic field theoretic model. As a consequence, we can now consistently couple
massive Galilean plus dilatation invariant Schro¨dinger fields to a curved background. The
background was identified as the scale covariant Newton-Cartan background. Following this
we derived the connection, Riemann tensor, Ricci scalar and Weyl tensor for the scale covariant
background. The connection of this background differs from that of the Newton-Cartan one by
terms which involve the dilatation field corresponding to anisotropic scale transformations. We
also demonstrated that while the Riemann and Ricci tensors scale quite differently than their
relativistic counterparts, the definitions of the Weyl and Schouten tensors are of a similar form
as in the relativistic case.
We then provided the description of scale invariant ideal fluids on this background. The
weights of the energy, entropy and matter current densities were derived, through which we
were further able to demonstrate the first law of thermodynamics. An interesting feature of
describing fluids on this background is the possible inclusion of external forces in a geometric
framework, which can result from specific choices of the field Aµ. While we have considered the
case of an ideal fluid, it is clear that we will need to further consider viscous and dissipative
scale invariant fluids as well. The entropy current in these cases is non-trivial, and a second
order derivative expansion must be carried out. The investigation of these topics requires the
relations and derivatives introduced in section 4.2, as well as the expressions of the curvature
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tensors provided in Eqs. (3.37-3.41).
We further considered the consequences of scale invariance in an effective field theory of
Hall fluids. The inclusion of the dilatation field was shown to modify the low energy hydrody-
namic effective field theory. By considering spatial metric perturbations, we determined that
the corresponding response involved an expansion of the Hall fluid. In addition, we discussed
that in considering the scale covariant Newton-Cartan background, it is in general inconsistent
to merely introduce spatial metric variations without the consideration of corresponding vari-
ations in the temporal metric, so as to preserve the orthogonality relations between the two.
This property enables the scale corrections to the effective action to contribute through metric
perturbations. The torsion tensor of the scale covariant Newton-Cartan background, through
its dependence on the temporal metric and dilatation field, promise additional geometric terms
which could be introduced in the low energy effective action. While a detailed investigation of
these terms and their phenomelogical consequences are interesting, they lie beyond the scope
of the present work.
A Derivation of the Schouten tensor
The key property of Cλσµν is that it vanishes when any pair of indices is contracted with either
hµν or τµτ ν . By requiring that Cλσµν be trace free, the expression for Sνσ can be derived.
For the moment we will assume that the Riemann tensor of the Newton-Cartan background
satisfies the conditions in (3.8) and (3.9), and that the connection is symmetric. Due to the
first equality in Eq. (3.8), we have
Rλσµν = hλǫR
ǫ
σµν (A.1)
It further follows from the symmetries that
hλµRλσµν = Rσν (A.2)
τλτµRλσµν = 0 (A.3)
hσµRλσµν = 0 (A.4)
These relations represent the covariant description of the familiar result that the only non-
vanishing component of the Newton-Cartan Riemann tensor is Ri0j0 [45]. We can now use
these relations to determine Sνσ. Contracting Eq. (3.15) with (h
λµ + τλτµ) gives,
Rσν = (n− 2)Sνσ + (hλµ + τλτµ)Sλµ(hσν + τστν) (A.5)
where we have used Eq. (A.2) and Eq. (A.3). Contracting Eq. (A.5) with hσν and τστ ν respec-
tively we find
τ ντσSνσ = −Sνσhνσ (2n− 3)
(n− 1) , R = (n− 1)τ
ντσSνσ + Sνσh
νσ (A.6)
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From Eq. (A.6) we thus find,
Sνσh
νσ = − R
2(n− 2) (A.7)
Substituting τ ντσSνσ and Sνσh
νσ from Eq. (A.6) and Eq. (A.7) in (A.5) gives the following
expression for Sνσ,
Sνσ =
1
n− 2
(
Rσν − 1
2(n− 1)R(hσν + τστν)
)
(A.8)
It is evident from Eq. (A.8) that Sνσ has a form similar to that of the Schouten tensor in
General Relativity.
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